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Abstract
Let G be a k-regular vertex transitive graph with connectivity (G) = k and let mk(G) be
the number of vertex cuts with k vertices. De-ne m(n; k) = min{mk(G): G ∈ Tn;k}, where Tn;k
denotes the set of all k-regular vertex transitive graphs on n vertices with (G) = k. In this
paper, we determine the exact values of m(n; k).
c© 2003 Elsevier B.V. All rights reserved.
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1. Introduction
Let G be a k-regular graph on n vertices. Suppose that the vertices of G may
fail independently with the same probability p, then the probability P(G) of G being
disconnected is given by
P(G) =
n−2∑
i=
mipi(1− p)n−i ;
where mi is the number of vertex cuts with i vertices and =(G) is the connectivity
of G. Clearly, when p is su6ciently small, P(G) is essentially determined by the -rst
term on the right side of the above equality. It follows that P(G) is minimized if G
has the maximum connectivity k and the smallest number of minimum vertex cuts mk
when p is su6ciently small. Doty [5] gives a lower bound for the number of minimum
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vertex cuts in a k-regular graph on a given number of vertices. This bound is improved
by Smith and Doty in [9]. The exact values of the smallest number of minimum vertex
cuts over all k-regular graphs on n vertices have not been obtained.
In considering the problem of minimizing the number of minimum vertex cuts, it is
useful to study the super-connected graphs which -rst appeared in [3]. A graph G is
said to be super-connected if every minimum vertex cut is the neighbor set of a vertex.
However, it has been shown by Hakimi and Amin [6] that there are cases where no
max -min m graph is super-connected.
In considering the reliability of graphs, it is also useful to study the graphs with
some kind of symmetry, for example vertex transitivity, since symmetric graphs often
have good edge and vertex connectivity. A graph G is said to be vertex transitive if
for every two vertices x and y in G, there exists an automorphism  of G such that
y= (x). It is known that connected vertex transitive graphs have the maximum edge
connectivity. Results on connectivity of symmetric graphs are referred to [1,2,4,7,8,10].
Now we formulate the problem considered in this paper as follows.
Given two integers n and k, let Tn;k be the set of k-regular vertex transitive graphs
with n vertices and connectivity k. De-ne
m(n; k) = min{mk(G): G ∈Tn;k}:
In this paper, we will determine the exact values of m(n; k).
The remaining parts of this paper are organized as follows. In Section 2 we study
the properties of quotient graphs of vertex transitive graphs. In Section 3, we derive
the formula for m(n; k).
2. Quotient graphs
Let G be a non-trivial k-regular connected vertex transitive graph on n vertices.
De-ne an equivalence relation R on the vertex set V (G) of G:
∀x; y∈V (G); xRy ⇔ N (x) = N (y);
where N (x) denotes the neighbor set of x. According to this equivalence relation, V (G)
is partitioned into a union of equivalence classes:
V (G) = V1 ∪ V2 ∪ · · · ∪ V Mn
such that two vertices x and y belong to the same equivalence class if and only if
N (x) = N (y). Clearly, Mn¿ 2. Now de-ne a graph MG, called the quotient graph of
G, whose vertices are the equivalence classes; two equivalence classes Vi and Vj are
adjacent in MG if and only if vertices in Vi are adjacent to vertices in Vj in G.
Lemma 2.1. Let Mn be the number of equivalence classes de4ned as above and let
Mk = Mnk=n. Then
(i) For each i, 16 i6 Mn, |Vi|= n= Mn.
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(ii) MG is a regular graph of degree Mk.
(iii) MG is vertex transitive.
Proof. To see (i), it su6ces to show that |Vi|= |Vj| for any i; j (16 i; j6 Mn). In fact,
for any x∈Vi and y∈Vj, there exists an automorphism  of G such that y= (x), so
(Vi) ∩ Vj = ∅. By de-nition, we have (Vi) = Vj; it follows that |Vi|= |(Vi)|= |Vj|.
Clearly, the above argument also implies that MG is vertex transitive, thus (iii) holds.
To see (ii), note that for any x; y∈V (G), if x is adjacent to y, then, x is adjacent
to every vertex in the equivalence class containing y. So N (x) is a union of distinct
equivalence classes, and the result follows.
Lemma 2.2. There exists some i with i | (n; k) such that
Mn= i
n
(n; k)
; Mk = i
k
(n; k)
:
Here, (n; k) denotes the maximum common factor of n and k.
Proof. By Lemma 2.1 we have n | k Mn, it follows that (n=(n; k)) | Mn. Denote i= Mn(n; k)=n,
we have Mn = i(n=(n; k)) and Mk = k Mn=n = i(k=(n; k)). Since i | Mn and Mn | n, we have i | n.
Similarly, i | k. So, i | (n; k). The result follows.
Now let G be a k-regular vertex transitive graph on n vertices and MG be its quotient
graph. Then G can be obtained from MG by replacing every vertex Vi with an indepen-
dent set, for simplicity still denoted by Vi, with cardinality n= Mn. Two vertices vi ∈Vi
and vj ∈Vj are adjacent if and only if Vi and Vj are adjacent in MG. It follows that
Lemma 2.3. G = MG[Kcn= Mn], where K
c
n= Mn denotes the empty graph on n= Mn vertices and
MG[Kcn= Mn] is the lexicographic product of MG and K
c
n= Mn.
Lemma 2.4. Let H be a connected graph, Kcm be the empty graph on m vertices and
G = H [Kcm]. Then the number of minimum vertex cuts of G is equal to that of H
(here it is assumed that a complete graph Kn has n minimum vertex cuts).
Proof. By the de-nition of lexicographic product, G is obtained from H by replacing
every vertex vi of H with an empty graph Vi on m vertices, and for any x∈Vi and
y∈Vj, x and y are adjacent in G if and only if vi and vj are adjacent in H . It follows
that vertices in Vi have the same neighbor sets. Therefore, each minimum vertex cut
C of G is a union of some V ′i s, and thus corresponding to a minimum vertex cut of
H . The result then follows.
By above proof, we have the following
Lemma 2.5. Let G = H [Kcm]. Then
(i) (G) = m(H).
(ii) G is super-connected if and only if H is super-connected.
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3. Number of minimum cuts in transitive graphs
Let Zn be the cyclic group of integers modulo n, and S = {±i1;±i2; : : : ;±ik} be
a subset of Zn with i1¡i2¡ · · ·¡ik ¡ n=2. The circulant graph Cn(S)=
Cn(±i1;±i2; : : : ;±ik) has vertex set Zn, and for i and j in Zn, i and j are adjacent
if and only if j − i∈ S. The following result is clear
Lemma 3.1. Circulant graphs are vertex transitive.
In [6] Hakimi and Amin give a method of constructing super-connected graphs on n
vertices and m edges with 2m=n¿ 3, in particular, when n | 2m, the graphs constructed
are vertex transitive. In fact, denote k=2m=n, Hakimi and Amin prove that if k is odd,
then Cn(±1;±2; : : : ;±k; n=2) (n even, k ¡n=2) is super-connected; if k is even, and
k = 4, k = n−4¿ 6, then C(±1;±2; : : : ;±(k=2−1);±(n−1)=2) is super-connected;
if k=4 = n−4, then C(±1;±(n−3)=2) is super-connected; if k=n−4¿ 6 is an even
number, then C(±1;±2; : : : ;±(k=2− 2);±(n− 4)=2;±(n− 2)=2) is super-connected. In
the light of these results, the following Lemma is easy to see:
Lemma 3.2. For any positive integers k and n with 0¡k¡n, there exist k-regular
vertex transitive super-connected graphs on n vertices if and only if one of the
following conditions holds:
(i) k = 1 and n= 2;
(ii) k = 2 and 36 n6 5;
(iii) 36 k6 n− 1 and nk is even.
It can be noted that for any positive integers k and n with kn even and k¿ 2, the
only cases excluded are k = 2 and n¿ 6.
For integers n and k with nk even, let
Tn;k = {G: G is a k-regular vertex transitive graph on n vertices with (G) = k}:
De-ne
m(n; k) = min{mk(G): G ∈Tn;k}:
In the following, we will determine the exact values of m(n; k). The following result
is obvious.
Theorem 3.3. m(n; n− 1) = n and m(n; 2) = n(n− 3)=2 (n¿ 4).
In what follows we always assume that 36 k6 n− 2.
For an integer n and a prime p, let g(n; p) be the integer i such that pi | n but
pi+1An. Clearly, g(n; p)¿ 1 if and only if p | n.
Theorem 3.4. For 36 k6 n− 2, if g(n; 2) = g(k; 2) and k=(n; k)¿ 3, then m(n; k) =
n=(n; k).
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Proof. Let G ∈Tn;k with mk(G)=m(n; k) and MG be its quotient graph de-ned in Section
2. Assume that MG is Mk-regular and |V ( MG)|= Mn. Then by Lemmas 2.3, 2.4, 2.5 and 2.2,
m(n; k) =mk(G) =m Mk(H)¿ Mn¿ n=(n; k). On the other hand, since g(n; 2) = g(k; 2), it
follows that either n=(n; k) or k=(n; k) is an even number, so n=(n; k) · k=(n; k) is even,
combining this with the assumption k=(n; k)¿ 3, it follows from Lemma 3.2 that there
exists a k=(n; k)-regular super-connected vertex transitive graph H with n=(n; k) vertices.
By Lemmas 2.5 and 2.4, H [Kc(n;k)]∈Tn;k and mk(H [Kc(n;k)]) = mk=(n;k)(H) = n=(n; k).
Clearly m(n; k)6mk(H [Kc(n;k)]). It follows that m(n; k) = n=(n; k).
Theorem 3.5. For 36 k6 n− 2, if g(n; 2) = g(k; 2) and k=(n; k) = 2, then
m(n; k) =


min{ nk ( 2nk − 3); 2i1 nk }; when n¿ 2k;
min{ 2nk ; 2i1 nk }; when n¡ 2k;
here i1 is the smallest integer with i1¿ 2 and i1 | (n; k) (such i1 exists, for otherwise
(n; k) = 1, and thus k = 2, contradicting our assumption that k¿ 3).
Proof. Let Mn1 = 2n=k, then Mn1 = n=(n; k) is an integer. By the fact g(n; 2) = g(k; 2)
and k=(n; k) = 2, it can be seen that Mn1 is an odd number, combining this with
k6 n − 2, we have Mn1¿ 3. Clearly k is even. Let G1 = C Mn1 [Kck=2], then G1 ∈Tn;k
and m(n; k)6mk(G1) = m2(C Mn1 ). By Theorem 3.3, if Mn1¿ 4 (that is if n¿ 2k), then
m2(C Mn1 ) = Mn1( Mn1 − 3)=2 = n=k(2n=k − 3); if Mn1 = 3 (that is if n¡ 2k in this case), then
C Mn1 is a complete graph on 3 vertices, and thus m2(C Mn1 ) = Mn1 = 2n=k. Let Mn2 = 2i1n=k,
Mk2 = 2i1. For i1¿ 2, we have Mk2¿ 4, combining this with the fact that Mn2 Mk2 is even,
there exists a super-connected graph H ∈T Mn2 ; Mk2 . By considering the graph G2=H [Kck=2i1 ],
we have m(n; k)6mk(G2) = m Mk2 (H) = Mn2 = 2i1n=k. If we set
Mm(n; k) =


min{ nk ( 2nk − 3); 2i1 nk }; when n¿ 2k;
min{ 2nk ; 2i1 nk }; when n¡ 2k;
then we have m(n; k)6 Mm(n; k).
Next, we will prove the converse inequality. Let G ∈Tn;k with mk(G) =m(n; k) and
MG be its quotient graph with Mn vertices and vertex degree Mk. By Lemma 2.2, we may
assume that
Mn= i
n
(n; k)
; Mk = i
k
(n; k)
;
where i | (n; k). Substituting (n; k) = k=2 into the above equalities, we have
Mn= 2i
n
k
; Mk = 2i:
If i = 1, then MG is a cycle of length Mn, so when Mn¿ 4 (that is when n¿ 2k) we
have m(n; k) = m Mk( MG) = Mn( Mn − 3)=2 = n=k(2n=k − 3)¿ Mm(n; k), when Mn = 3 (that is
when n¡ 2k) we have m(n; k) =m Mk( MG) = Mn=2n=k¿ Mm(n; k). If i¿ 2, then m(n; k) =
m Mk( MG)¿ Mn= 2in=k¿ 2i1n=k¿ Mm(n; k). The result follows.
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Theorem 3.6. For 36 k6 n− 2, if g(n; 2) = g(k; 2) and k | n, then
(i) m(n; n=2) = 2,
(ii) m(n; k) = min{n=k(2n=k − 3), i2n=k} if 2 | (n; k) and k = n=2,
(iii) m(n; k) = i2n=k if 2A(n; k) and k = n=2,
where i2 is the smallest integer with i2¿ 3 and i2 | (n; k) (such i2 exists for (n; k) =
k¿ 3).
Proof. (i) is easy to see by considering Kn=2; n=2.
(ii) In this case, k is even. Let Mn1 = 2n=k. Since k | n and k6 n − 2, it follows
that Mn1¿ 4. Similarly as in the proof of Theorem 3.5, by considering the graph
G1 = C Mn1 [K
c
k=2], we have m(n; k)6m2(C Mn1 ) = n=k(2n=k − 3). Let Mn2 = i2n=k, Mk2 = i2.
Since g(n; 2) = g(k; 2) and k | n, it follows that n=k is an even number, so Mn2 · Mk2 is
even. Combining this with the assumption i2¿ 3, there exists a super-connected graph
H ∈T Mn2 ; Mk2 . By considering G2 = H [Kck=i2 ], we have m(n; k)6m Mk2 (H) = Mn2 = i2n=k.
On the other hand, Let G ∈Tn;k with mk(G) = m(n; k) and MG be its quotient graph
with Mn vertices and vertex degree Mk. By Lemma 2.2, we may assume
Mn= i
n
(n; k)
= i
n
k
; Mk = i
k
(n; k)
= i
where i | (n; k). If i=1, then MG is isomorphic to K2, and thus Mn=2, which implies k=n=2,
contradicting the assumption. If i = 2, then MG is a cycle of length Mn with Mn¿ 4, and
thus m(n; k)=m Mk( MG)=n=k(2n=k−3). If i¿ 3, then m(n; k)=m Mk( MG)¿ Mn= in=k¿ i2n=k.
The proof of (iii) is similar as the proof of (ii), except that in this case i = 2
(otherwise, it follows from Mk | k | n that 2 | (n; k)), and thus we may leave out the
consideration on the number n=k(2n=k − 3).
Theorem 3.7. For 36 k6 n− 2, if g(n; 2)= g(k; 2) and kAn, then m(n; k)= 2n=(n; k).
Proof. Let G ∈Tn;k with mk(G) =m(n; k) and MG be its quotient graph with Mn vertices
and vertex degree Mk. By Lemma 2.2 we may assume that
Mn= i
n
(n; k)
; Mk = i
k
(n; k)
where i | (n; k). If i = 1, then n=(n; k) · k=(n; k) = Mn Mk is an even number, but it can be
seen from g(n; 2) = g(k; 2) that n=(n; k) · k=(n; k) is odd, a contradiction. So i¿ 2, and
thus m(n; k) = m Mk( MG)¿ Mn¿ 2n=(n; k). On the other hand, if we denote Mn1 = 2n=(n; k)
and Mk1 = 2k=(n; k), then Mn1 Mk1 is even and Mk1¿ 4 for kAn. By Lemma 3.2, there
exists a super-connected graph H ∈T Mn1 ; Mk1 . By considering G1 = H [Kc(n;k)=2], we have
m(n; k)6mk(G1) = m Mk1 (H) = Mn1 = 2n=(n; k). The result follows.
Theorem 3.8. For 36 k6 n− 2, if g(n; 2) = g(k; 2) and k | n, then
m(n; k) = min
{
n
k
(
2n
k
− 3
)
; 2i1
n
k
}
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here i1 is the smallest integer with i1¿ 2 and i1 | (n; k) (such i1 exists, for otherwise
k = (n; k) = 1, contradicting our assumption that k¿ 3).
Proof. In this case k must be an even number. Otherwise if k is odd, then n is also
odd for g(n; 2) = g(k; 2), it follows that nk is odd, a contradiction. Let Mn1 = 2n=k.
Since k | n and k6 n − 2, we have Mn1¿ 4. By considering G1 = C Mn1 [Kck=2], we have
m(n; k)6m2(C Mn1 ) = n=k(2n=k − 3). The fact m(n; k)6 2i1n=k can be obtained by a
similar argument as in the proof of Theorem 3.5.
On the other hand, let G ∈Tn;k with mk(G) = m(n; k) and MG be its quotient graph
with Mn vertices and vertex degree Mk. By Lemma 2.2, we may assume that
Mn= i
n
(n; k)
= i
n
k
; Mk = i
k
(n; k)
= i;
where i | (n; k). n=k must be an odd number for g(n; 2) = g(k; 2), it follows that i is
even since Mn Mk is even. Let i = 2j, then we have
Mn= 2j
n
k
; Mk = 2j:
If j = 1, then MG is a cycle of length Mn with Mn¿ 4, and thus m(n; k) = m Mk( MG) =
n=k(2n=k − 3). If j¿ 2, then m(n; k) = m Mk( MG)¿ Mn= 2jn=k¿ 2i1n=k.
Remark. The similar problem for general graphs or regular graphs seems di6cult to
deal with.
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